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Ïîñòàíîâêà çàäà÷è

Ïóñòü çàäàí óïðàâëÿåìûé ïðîöåññ

z(k + 1) = z(k)−
N∑
i=1

ai(k)ui +

M∑
j=1

bj(k)vj , (1)

ãäå k = 0, . . . , p, z(k) ∈ Rn, ui ∈ Ui, vj ∈ Vj , ai(k) ≥ 0, bj(k) ≥ 0,
p � ôèêñèðîâàííûé ìîìåíò âðåìåíè;

Ui ⊂ Rn è Vj ⊂ Rn � âûïóêëûå ìíîæåñòâà.
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Ïîñòàíîâêà çàäà÷è

Çàäàíî âûïóêëîå ìíîæåñòâî X ⊂ Rn. Öåëü âûáîðà óïðàâëåíèÿ
ui ∈ Ui, i = 1, . . . , N çàêëþ÷àåòñÿ â îñóùåñòâëåíèè âêëþ÷åíèÿ

z(p) ∈ X (2)

ïðè ëþáîé äîïóñòèìîé ðåàëèçàöèè ïîìåõè vj , j = 1, . . . ,M .
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Ðåøåíèå

Ââåäåì îïåðàòîð Tk

Tk(Y ) =

(
X +

N∑
i=1

ai(k)Ui

)
∗
−

M∑
j=1

bj(k)Vj . (3)

Çäåñü ñ ïîìîùüþ A
∗
− B îáîçíà÷åíà ãåîìåòðè÷åñêóþ ðàçíîñòü

[1] ìíîæåñòâ A è B èç ïðîñòðàíñòâà Rn.

[1] Ïîíòðÿãèí, Ë. Ñ. Ëèíåéíûå äèôôåðåíöèàëüíûå èãðû, II / Ë. Ñ. Ïîíòðÿãèí. // Äîêë.ÀÍ ÑÑÑÐ,

� 1967. �Ò.175, � � 4. � Ñ. 764�766.
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Ðåøåíèå

Èçâåñòíî [2], ÷òî âûïîëíåíî ñëåäóþùåå ñâîéñòâî: ïóñòü
ìíîæåñòâî X ÿâëÿåòñÿ âûïóêëûì, à ÷èñëà
σi ≥ 0, ϵi > 0, i = 1, . . . , N , δj ≥ 0, γj > 0, j = 1, . . . ,M
óäîâëåòâîðÿþò íåðàâåíñòâó

max
1≤i≤N

σi
ϵi

≤ min
1≤j≤M

δj
γj

.

Òîãäà(X +

N∑
i=1

ϵiUi

)
∗
−

M∑
j=1

γj(k)Vj +

N∑
i=1

σiUi

 ∗
−

M∑
j=1

δjVj =

=

(
X +

N∑
i=1

(ϵi + σi)Ui

)
∗
−

M∑
j=1

(γj + δj)Vj . (4)

[2] Â. È. Óõîáîòîâ Ê âîïðîñó îá îêîí÷àíèè èãðû çà ïåðâûé ìîìåíò ïîãëîùåíèÿ. Ïðèêëàäíàÿ

ìàòåìàòèêà è ìåõàíèêà. 1984. Òîì 48, � 6, ñ. 892�897.
Ñ. À. Íèêèòèíà, Â.È. Óõîáîòîâ,

ÔÃÁÎÓ ÂÎ ¾×åëÃÓ¿ ã. Åêàòåðèíáóðã, 26-30 îêòÿáðÿ 2020 Ñòð. 5 èç 20



Ðåøåíèå

Â ðàáîòå [3] äîêàçàíà ñëåäóþùàÿ ëåììà.
Ëåììà. Äëÿ ëþáîãî âûïóêëîãî ìíîæåñòâà K è ëþáûõ ÷èñåë
αj ≥ βj ≥ lj ≥ 0, αj ≥ βj + fj , fj ≥ 0, j = 1, . . . ,M âûïîëíåíî
âêëþ÷åíèå K +

M∑
j=1

(βj − lj)Vi

 ∗
−

M∑
j=1

fjVj ⊃

⊃ K
∗
−

M∑
j=1

(αj − βj)Vj +

M∑
j=1

(αj − lj − fj)Vj .

[3] Â. È. Óõîáîòîâ Ñòàáèëüíûé ìîñò â èãðå ñ âåêòîãðàììàìè, çàâèñÿùèìè ëèíåéíî îò çàäàííûõ

ìíîæåñòâ. Èçâåñòèÿ âûñøèõ ó÷åáíûõ çàâåäåíèé. 1988. Òîì 2, ñ. 63�65.
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Ðåøåíèå

Îáîçíà÷èì

W (k) =

(
X +

N∑
i=1

p∑
s=k

ai(s)Ui

)
∗
−

M∑
j=1

yj(k)Vj+
M∑
j=1

(yj(k)−
p∑

s=k

bj(s))Vj .

(5)
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Ðåøåíèå

Òåîðåìà. Ïóñòü yj(s), s = 0, . . . , p, j = 1, . . . ,M â ôîðìóëå (5)
óäîâëåòâîðÿåò óñëîâèÿì

yj(p) = 0 è

yj(k+1) = yj(k)−max

{
bj(k); yj(k + 1) · max

1≤i≤N

(
ai(k)∑p

s=k+1 ai(s)

)}
.

(6)
Òîãäà äëÿ ìíîæåñòâ (5) âûïîëíåíî

W (p) = X; W (k) ⊂ Tk(W (k + 1)). (7)
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Ðåøåíèå

Ä î ê à ç à ò å ë ü ñ ò â î.
Ðàâåíñòâî W (p) = X ñëåäóåò èç (5) è óñëîâèÿ yj(p) = 0.
Äàëåå èç (6) ñëåäóåò, ÷òî

yj(k + 1)− yj(k) ≤ −yj(k + 1) · ai(k)∑p
s=k+1 ai(s)

,

i = 1, . . . , N, j = 1, . . . ,M.

Ïîýòîìó

(yj(k)− yj(k + 1))

p∑
s=k+1

ai(s) ≥ yj(k + 1) · ai(k),

i = 1, . . . , N, j = 1, . . . ,M.

Ñëåäîâàòåëüíî, âûïîëíÿþòñÿ íåðàâåíñòâà

min
1≤j≤M

yj(k)− yj(k + 1)

yj(k + 1)
≥ max

1≤i≤N

ai(k)∑p
s=k+1 ai(s)

. (8)
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Ðåøåíèå

Èç (6) ïîëó÷èì, ÷òî

yj(k)− yj(k + 1) ≥ bj(k), j = 1, . . . ,M. (9)

Îáîçíà÷èì
αj = yj(k), βj = yj(k + 1),

lj =

p∑
s=k

bj(s), fj = bj(k), j = 1, . . . ,M.

Òîãäà èç íåðàâåíñòâ (9) ñëåäóåò, ÷òî ýòè ÷èñëà óäîâëåòâîðÿþò
íåðàâåíñòâàì, ñîäåðæàùèìñÿ â ôîðìóëèðîâêå ëåììû.
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Ðåøåíèå

Ðàññìîòðèì ìíîæåñòâî Tk(W (k + 1)) è ïîêàæåì, ÷òî
âûïîëíåíî W (k) ⊂ Tk(W (k + 1)). Èç (3) è (5) ñëåäóåò, ÷òî

Tk(W (k + 1)) =

(
W (k + 1) +

N∑
i=1

ai(k)Ui

)
∗
−

M∑
j=1

bj(k)Vj =

= [(X +

N∑
i=1

p∑
s=k+1

ai(s)Ui)
∗
−

M∑
j=1

yj(k + 1)Vj +

N∑
i=1

ai(k)Ui+

+

M∑
j=1

(yj(k + 1)−
p∑

s=k+1

bj(s))Vj ]
∗
−

M∑
j=1

bj(k)Vj .
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Ðåøåíèå

Îòñþäà, èñïîëüçóÿ ëåììó, ïîëó÷èì

Tk(W (k + 1)) ⊃

⊃ [(X +

N∑
i=1

p∑
s=k+1

ai(s)Ui)
∗
−

M∑
j=1

yj(k + 1)Vj +
N∑
i=1

ai(k)Ui]
∗
−

∗
−

M∑
j=1

(yj(k)− yj(k + 1))Vj +

M∑
j=1

(yj(k)−
p∑

s=k

bj(s))Vj .
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Ðåøåíèå

Ïðèìåíèì ê ìíîæåñòâó, ñòîÿùåìó â ïðàâîé ÷àñòè ïîñëåäíåãî
âêëþ÷åíèÿ, ðàâåíñòâî (4), èñïîëüçóÿ ïðè ýòîì íåðàâåíñòâî
(8). Òîãäà

Tk(W (k + 1)) ⊃ [(X +

N∑
i=1

(

p∑
s=k+1

ai(s) + ai(k))Ui)]
∗
−

∗
−

M∑
j=1

(yj(k+1)+yj(k)−yj(k+1))Vj+

M∑
j=1

(yj(k)−
p∑

s=k

bj(s))Vj =

= [(X+

N∑
i=1

p∑
s=k

ai(s)Ui)]
∗
−

M∑
j=1

yj(k)Vj+

M∑
j=1

(yj(k)−
p∑

s=k

bj(s))Vj .
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Ðåøåíèå

Ñ ó÷åòîì îáîçíà÷åíèé (5) ïîëó÷èì òðåáóåìîå âêëþ÷åíèå
W (k) ⊂ Tk(W (k + 1)). Òàêèì îáðàçîì, óñëîâèÿ (7)
âûïîëíåíû. Òåîðåìà äîêàçàíà.

Ïîñòðîåííîå ñåìåéñòâî ìíîæåñòâ W (k), k = 0, . . . , p ïîçâîëÿåò
çàïèñàòü óñëîâèÿ íà ìíîæåñòâî íà÷àëüíûõ ïîëîæåíèé, ïðè
êîòîðûõ ãàðàíòèðóåòñÿ âûïîëíåíèå âêëþ÷åíèÿ (2) â ìîìåíò
îêîí÷àíèÿ ïðîöåññà óïðàâëåíèÿ (1).
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Ïðèìåð

Ðàññìîòðèì çàäà÷ó óïðàâëåíèÿ çàïàñàìè [4]

x(k + 1) = x(k) + a(k) · u−
M∑
j=1

bj(k)v
∗
j , k = 0, 1, . . . , p. (10)

Ïðåäïîëàãàåì, ÷òî a(k) ≥ bj(k), j = 1, . . . ,M .

Ïóñòü x(k) =
(
x1(k);x2(k)

)
, ãäå x1(k), x2(k) - êîëè÷åñòâî

òîâàðîâ ïåðâîãî è âòîðîãî âèäà, èìåþùèõñÿ â íàëè÷èè íà
ñêëàäå â k - ûé ïåðèîä âðåìåíè, x1(k) ≥ 0, x2(k) ≥ 0.

u = (u1;u2), a(k) · u1(k), a(k) · u2(k) - êîëè÷åñòâî òîâàðà
ïåðâîãî è âòîðîãî âèäà, ïðîèçâåäåííîãî çà ïåðèîä k.

Âåëè÷èíà
∑M

j=1 bj(k)v
∗
j - îïðåäåëÿåòñÿ ñïðîñîì íà ïðîäóêöèþ â

k - é ïåðèîä.

[4] Ïðîïîé, À. È. Ýëåìåíòû òåîðèè îïòèìàëüíûõ äèñêðåòíûõ ïðîöåññîâ / À. È. Ïðîïîé. � Ì.:

Íàóêà, 1973. �256 ñ.
Ñ. À. Íèêèòèíà, Â.È. Óõîáîòîâ,
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Ïðèìåð

Ïóñòü ê êîíöó p - ãî ïåðèîäà òðåáóåòñÿ, ÷òîáû âûïîëíÿëîñü
óñëîâèå

c1x
1(p) + c2x

2(p) ≤ ϵ, (11)

c1, c2 > 0, x1(p) ≥ 0, x2(p) ≥ 0.

Ýòî óñëîâèå ìîæíî ðàññìàòðèâàòü êàê îãðàíè÷åíèå íà ¼ìêîñòü
ñêëàäà.
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Ïðèìåð

Ââåäåì óïðàâëåíèÿ u1 = (−u1; 0), u2 = (0;−u2), è vj = −v∗j .
Òîãäà (10) ìîæíî çàïèñàòü â âèäå (1).
Îáîçíà÷èì ìíîæåñòâà

U1 =
{
u ∈ R2 : u = (u1; 0)

}
,

U2 =
{
u ∈ R2 : u = (0;u2)

}
,

X =
{
x ∈ R2 : x1 + x2 ≤ ϵ, x1 ≥ 0, x2 ≥ 0

}
.

Öåëü (11) ïðîöåññà óïðàâëåíèÿ (10) çàïèøåòñÿ â âèäå

x(p) ∈ X.
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Ïðèìåð

Èç íåðàâåíñòâà a(k) ≥ bj(k), j = 1, . . . ,M ñëåäóåò, ÷òî

yj(k) =

p∑
s=k

a(s), k = 0, ..., p− 1, yj(p) = 0, ∀j = 1, . . .M

óäîâëåòâîðÿåò óñëîâèÿì (6).
Òîãäà, ïîäñòàâëÿÿ yj(k) â (5), ïîëó÷èì

W (k) =

(
X +

p∑
s=k

a(s)(U1 + U2)

)
∗
−

M∑
j=1

p∑
s=k

a(s)Vj+

+

M∑
j=1

p∑
s=k

(a(s)− bj(s))Vj .
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Ïðèìåð

Òàêèì îáðàçîì, ÷òîáû ê êîíöó çàäàííîãî ïåðèîäà âðåìåíè
îãðàíè÷åíèÿ íà ¼ìêîñòü ñêëàäà áûëè âûïîëíåíû, â íà÷àëüíûé
ìîìåíò âðåìåíè çàïàñ òîâàðîâ íà ñêëàäå äîëæåí óäîâëåòâîðÿòü
óñëîâèþ x(0) =

(
x1(0), x2(0)

)
∈ W (0).
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Ñïàñèáî çà âíèìàíèå!
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